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Let G be a finite group and h- be a field of characteristic p > 0. The 
isomorphism classes of KG-modules, relative to direct sums, form a free 
abelian group n(G) called the representation ring or the Green ring of G, 
where the multiplications are defined to be the tensor products of modules. 
In their paper [ 11 Benson and Parker introduced two inner products on 
a(G) and showed that these inner products are nonsingular. In fact they 
proved the result by giving “the orthogonality relations” with respect to 
these inner products (Theorems 3.4 and 3.5 of [ 11). 
In this paper, by using their inner products we study the inductions from 
subgroups and the restrictions to subgroups of the almost split sequences 
of modules. In Section 2 we prove “Nakayama relations” for some families 
of indecomposable modules, which is a natural extension of Nakayama 
relations for projective indecomposable modules and simple modules 
(Chapter III, Theorem 2.6 of [3]). In Section 3 we consider the relative 
Grothendiek ring a,(G) with respect to a family X of subgroups of G (for 
the definition see below) and shall show that if each subgroup in X has a 
cyclic Sylow p-subgroup, then a,(G) is a free abelian group. We prove the 
result by giving a free basis of a,(G). 
I. PRELIMINARIES 
To begin, we summarize some results of Benson and Parker [l] on their 
inner products on a(G). 
Define an inner product ( . ) a(G) as follows. If M and N are 
kG-modules, we let (M, N) = dim, Hom,(M, N) C X, x E G, and extend 
( , ) bilinearly on a(G). Let Q denote the Heller’s operation. For an 
indecomposable kG-module M, define G(M) in a(G) as follows. If A4 is not 
projective, we let 0 -+ Q(M) + X+ Q-‘(M) + 0 be the almost split 
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sequence starting at Q(M) and put G(M) = X-R(M) - Q -l(M). If M is 
projective, we put G(M) = Sot M. 
THEOREM (Benson and Parker [ 11). Let M and N be indecomposable 
kG-modules. Then 
CM, WV) = 4, ifM%N 
=o otherwise. 
&ere d,b, = dim, [ End& M)/Rad( End,,(M))]. 
By the above theorem every kG-module V has a formal expression 
V= 1 ( V, M)/d,G(M), where M ranges over the set of isomorphism 
classes of indecomposable kG-modules (note that ( V, M)/d, is an integer 
as Hom,( V, M) x x, x E G, is an End,,(M)-module). In general this 
expression can be an infinite sum. 
In the rest of this section let X denote a family of subgroups of G. A 
kG-module A is called X-projective if A is isomorphic to a direct summand 
of @ C A z, HE X. An exact sequence 0 -+ C -+ B -+ A -+ 0 is called X-split 
if its restriction to each HEX is split. Let i,(G) be the ideal of a(G) 
generated by all expressions B - A - C in a(G) arising from X-split sequen- 
ces. The factor ring a,(G) = a(G)/i,(G) is called the relative Grothendieck 
ring with respect to X. 
LEMMA 1. Let 0 + C + B + A -+ 0 be an exact sequence of kG-modules. 
Then the following hold. 
( 1) (B - A - C, V) 3 0 for any kG-module V. 
(2) The sequence is X-split if and only if ( B - .4 - C, V) = 0 for ecerJ1 
X-projective ilzdecomposable kc-module IF. 
Proof. Part ( 1) is the result of Benson and Parker (Lemma 3.9 of [ 11). 
For (2) it is clear that if the sequence 0 + C -+ B -+ A + 0 is X-split, then 
O-+C@V*-+B@V*-tA@V*--+O is split for every X-projective 
kG-module Y as I’*, the dual module of V, is also X-projective. Thus 
(B-A - C, V) = ((B - A - C) I’*, ko) = 0. Conversely assume that 
(B-A - C, V) =0 for every X-projective kG-module V. Let V be 
an X-projective and W be an arbitrary kG-module. Then 
((B-A-C)V, W)=(B-A-C, V*@W)=O as V*OWis X-projec- 
tive. Thus (B - A - C) V= 0 by the nonsingularity of the inner product 
and therefore 0 + C @ V + B @ V -+ A@ V -+ 0 is split. So the sequence is 
X-split. 
Following Knorr [4], we define X-projective covers of kG-modules. Let 
A be a kG-module. Then there exists a unique short exact sequence (up to 
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isomorphism), called the X-projective cover of A, 0 + C + B 4 A + 0 
satisfying the conditions (1) B is X-projective, (2) the sequence is X-split, 
and (3) C contains no nonzero X-projective direct summand. The following 
lemma is useful for our investigation. 
LEMMA 2. Let 0 + C + B--f A --f 0 be an exact sequence of kG+zodules. 
Then there exists an exact sequelzce 0 -+ C -+ Y -+ X -+ 0 such that X is 
X-projective and I-- X- C = B - A - C (mod iJ G)). 
ProojI Consider the diagram 
c 
O-C-+BLA+O, 
where X --+O -4 + 0 is the X-projective cover of .-1. Then we have the follow- 
ing commutative diagram as a pushout of the above: 
o---C+ B-+.4-0. 
Furthermore, we get an exact sequence 0 -+ Y -+ r + I’ X0 B -+O ~ ’ .4 + 0 
and this sequence is X-split as X+” A-+0 is X-split. Then B-A-C= 
(I’- X- C) + (X+ B - A - Y) and the lemma follows. 
PROPOSITION 1. Let 0 + C + B + -4 --f 0 be an exact seqzterzce of 
kG-nzodzdes. If the nzmzber qf the isomorhisnz classes of X-prqjective 
indecomposable kG-wzodzdes V such that (B - .4 - C, V) # 0 is finite, then 
B - A - C = C (B - A - C, V)/d,G( V) (mod ix(G)), where V ranges over 
the set of isomzorphism classes of X-projective iuzdecomnposable kG-modules. 
ProoJ We shall prove the result by induction on the number 
c( B - ‘4 - C) = x (B - A - C, V)/d,. If c( B - A - C) = 0, then the result 
follows from Lemma 1. Assume c( B - A - Cj # 0. By Lemma 2 we may 
assume that .4 is X-projective. Then by (the proof of) Theorem 3.10( i) [ 1 ] 
there exists a nonprojective indecomposable direct summand T’ of A such 
that B-A-C=G(V)+(B’-A’-C’) for some exact sequence 
0 -+ C’+ B’+ A’-tO. By the Theorem of Benson and Parker 
c( B - A - C) = c( B’ - A’ - C’) + 1. Thus the result follows by induction. 
COROLLARY 1. Let A be a kG-nzodzrle such that the number of the 
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isomorphism classes of X-projective indecomposable kG-modules V with 
(A, 1;‘) #O is finite. Then A =C (A, I’)/d,G( V) (mod i,(G)), &ere p 
ranges over the set of isomorphism classes of X-projectitle indecomposable 
kG-modules. 
ProoJ If A is simple, then the assertion clearly holds. If A is not simple, 
then there exist nonzero kG-modules B and C with 0 --, B --+ A --) C -+ 0 
exact. Then A = B + C + (-4 - B - C). Thus our corollary follow-s from 
Proposition 1 and induction on dim, .4. 
2. NAKAYAMA RELATIONS 
In this section let D denote a p-subgroup of G and H a subgroup of G 
containing D. Let V,, iE I, and K’,, jE J, be the sets of the isomorphism 
classes ofindecomposable kG- and kH-modules with vertex D, respectively. 
We write i,(G) (resp. i,(H)) for i!,:(G) (resp. i:,;(H)). Put d,=d,; and 
ei = dM,. We shall prove the following theorem. If D = 1, then the theorem 
is a u&al Nakayama relation. 
THEOREM I. (1) If IJf’F = @ C a, V, 0 A, for each Jo J, where A, 
contains 110 non-7ero direct summand with trertex D, then G( V,), = 
2 d,a,le,G( W,) (mod i,(H)). 
(2) rf tIIH= @ 1 b,; W, 0 B, -for each i E I, where BI coniains no non- 
zero direct summand with vertex D, then G( WI)” = x b,,e,;‘d,G( V,)
(mod i,(G)). 
Proof To prove the theorem we apply Proposition 1and Corollary 1 in 
Section 1 for X = (Dj-. We only prove statement (1). Statement (2) is 
proved by a similar method. Let lV be an indecomposable kH-module. 
Then by the Theorem of Benson and Parker, (G( F’I)H, W)/d, = 
(G( I,), WG)/d, is the number of the multiplicity of V, in the indecom- 
posable direct sum decomposition of WC. Furthermore, if W is D-projec- 
tive and (G(V,),+, l&‘) # 0, then W has a vertex D and Vj and W have a 
common source. Thus the assumption in Proposition 1 for G( V,) if D # 1 
and in Corollary 1 for G( V,) if D = 1 is satisfied. Since (G( I/; jH, l+‘,) = 
d,a,, the result follows. 
3. RELATIVE GROTHENDIEK RINGS 
Let X be a family of subgroups of G. Lam and Reiner asked whether or 
not a,(G) is a free abelian group and in some cases showed that a,(G) is in 
fact free [S-7] (see also [Z]). In this section we shall show that a,(G) is 
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free in the case when each N in X has a cyclic Sylow p-subgroup. This fact 
may be known but we show it by giving a free basis of a,(G). 
THEOREM 2. If each H in X has a cyclic Sylow p-subgroup, then a,(G) 
is free. The set {G(V) + i,(G); V is an X-projective indecomposable 
kG-module} forms its basis. 
Proof: Note that the number of S-projective indecomposable 
kc-modules is finite by our assumption. Then our set spans a*(G) by 
Corollary 1, and it is linearly independent by the Theorem of Benson and 
Parker. 
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